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Abstract

Background: The rapidly increasing availability of whole-genome sequences has enabled the study of whole-genome
evolution. Evolutionary mechanisms based on genome rearrangements have attracted much attention and given
rise to many models; somewhat independently, the mechanisms of gene duplication and loss have seen much work.
However, the two are not independent and thus require a unified treatment, which remains missing to date. Moreover,
existing rearrangement models do not fit the dichotomy between most prokaryotic genomes (one circular chromosome)
and most eukaryotic genomes (multiple linear chromosomes).

Results: To handle rearrangements, gene duplications and losses, we propose a new evolutionary model and the
corresponding method for estimating true evolutionary distance. Our model, inspired from the DCJ model, is simple
and the first to respect the prokaryotic/eukaryotic structural dichotomy. Experimental results on a wide variety of
genome structures demonstrate the very high accuracy and robustness of our distance estimator.

Conclusions: We give the first robust, statistically based, estimate of genomic pairwise distances based on rear-
rangements, duplications and losses, under a model that respects the structural dichotomy between prokaryotic
and eukaryotic genomes. Accurate and robust estimates in true evolutionary distances should translate into much
better phylogenetic reconstructions as well as more accurate genomic alignments, while our new model of genome

rearrangements provides another refinement in simplicity and verisimilitude.




Background
Introduction

Interest in the evolution of genome structure has been gupwieadily in the last 10 years, sustained in part by
the ever increasing number of sequenced genomes. In partiouch work has been done on rearrangements (see,
e.g., [1]), using the convention that each chromosome ofdmme is represented by an ordered list of identifiers,
each identifier referring to a syntenic block or, more comipaio a member of a gene family. (In the following,
we shall use the word “gene” in a broad sense to denote elenoérsuch orderings and refer to such orderings
as “gene orders”.) Variations in the placement of homolasggenes, as well as variations in gene content and
multiplicity, among organisms can then be analyzed. Suth idaf great interest to evolutionary biologists, but also
to comparative genomicists and to any researcher interestenderstanding evolutionary changes in pathogens, crop
plants, and, more generally, the biome.

The most fundamental task in the analysis of such data igitn@g the amount of evolutionary change between
two genomes—that is, to compute a pairweselutionary distance. Thetrue distance, that is, the number dadctual
evolutionary events (rearrangements, duplications, asgkels) that took place during the course of evolution, iswha
we want to obtain, but is not, of course, something that weamanpute. Researchers have thus used a two-stage
process, in which a well defined measure is first computed(as@anredit distance, that is, thesmallest number of
evolutionary events needed to transform one genome intottrex), then a statistical model of evolution is used to
infer an estimate of the true distance by deriving the efféatgiven number of changes in the model on the computed
measure and (algebraically or numerically) inverting thevation to produce a maximum-likelihood estimate of the
true distance under the model. This second step is usudlgdcadistance correction and has long been used for
sequence (DNA) data (see, e.g., [2]) as well as, more rggéntigene-order data, for which see [3—7].

Evolutionary events that affect the gene order of genomaadie various rearrangements, which affect only the
order, and gene duplications and losses, which affect betlyéne content and, indirectly, the order. (Gene insertion
corresponding to lateral gene transfer or neofunctioatitn, can be viewed as a special case of duplication.)
Rearrangements themselves include inversion, trangpaditiock exchange, circularization and linearizatidhpé
which act on a single chromosome, and translocation, fusiod fission, which act on two chromosomes. All of
these operations are subsumed in dbable-cut-and-join (DCJ) [8, 9], which has formed the basis for much of the
algorithmic research on rearrangements over the last fansyacluding a statistically based method to estimate the
true evolutionary distance between two genomes [7]. DCJasbko cuts, which can be in the same chromosome or
in two different chromosomes, producing four cut ends, tlegoins the four cut ends in any of the three possible ways.

The DCJ model, however, is unrealistic in two major respdeitst, if the two cuts are in the same chromosome, one



of the two nontrivial rejoinings causes a fission, creatimgwa circular chromosome. However, circular chromosomes
do not normally arise in organisms with linear chromosoraes|, prokaryotic genomes normally consist of a single
circular chromosome. Nor can this form of rejoining be fdden as, without it, DCJ simply reduces to inversion.

Secondly, DCJ is a model of rearrangements: it does not takeaiccount evolutionary events that alter the gene
content, such as duplications and losses.

Of these two problems, the first has not been seriously asieleshe model we present here is, to the best of
our knowledge, the first model that naturally preserves tbleadomy between prokaryotic and eukaryotic genomes.
While gene (or segment) duplications and losses have loag steidied by geneticists and molecular biologist, their
integration with rearrangements in a unified model has selatively little work to date. ElI-Mabrouk [10] gave an
exact algorithm to compute edit distances for inversiortslagses and also a heuristic to approximate edit distances
for inversions, losses, and nonduplicating insertionsofdher results assume that genes cannot be duplicatede Mor
recently, Yancopoulos and Friedberg [11] gave an algorithoompute edit distances under deletions, insertions, du-
plications, and DCJ operations, under the constraint et deletion can only remove a single gene. These and other
approaches targeted the edit distance, not the true emoarii distance. Swensehal. [12] gave an algorithm to ap-
proximate the true evolutionary distance under deletimsgrtions, duplications, and inversions for unichronmab
genomes and showed good results under simulations and &lrsrale phylogenetic reconstruction. Rearrangements,
duplications and losses have also been addressed in theviaknof ancestral reconstruction (see, e.g., [13]). All of
these approaches have focussed on parsimony criteria aadibed pre-assigned weights for the various operations.

In this paper, we propose a new evolutionary model whicheetspthe dichotomy between prokaryotic and
eukaryotic genomes and which takes gene duplications aséddanto account. Using this new evolutionary model,
we develop a statistically based method to estimate theetvakitionary distance in terms of the actual number of
rearrangements, gene duplications, and gene losses.lyFinal provide extensive experimental results on a wide

variety of genome structures to illustrate the robustnaddwgh accuracy of our estimator.

Genomes as gene-order data

We denote the tail of a gergby @' and its head by". We write +g to indicate an orientation from tail to head
(gt — g"), —g otherwise ¢" — g@'). Two consecutive genesandb can be connected by oragljacency of one of

the following four types:{al,b'}, {a",b'}, {al,b"}, and{a",b"}. If genec lies at one end of a linear chromosome,
then we also have a singleton st} or {c"}, called atelomere. A genome can then be represented as a multiset of
genes together with a multiset of adjacencies and telomEogsexample, the toy genome in Fig. 1, composed of one

linear chromosome+a,+b,—c,+a,+b,—d,+a), and one circular on€;+e, —f), can be represented by the multiset
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Figure 1: A very small genom@

of genes{a,a,ab,b,c,d,ef} and the multiset of adjacencies and telomergd}, {a" b'}, {b",c"}, {c,a"}, {a",b'},
{ph,d", {dt,a"}, {a"}, {€", f"}, {€&, f'}}. Because of the duplicated genes, there is no one-to-onespamdence
between genomes and multisets of genes, adjacencies, lanteies. For example, the genome composed of one
linear chromosomd+a, +b, —d, +a,+b, —c,+a) and one circular oné+e, —f) would have the same multisets of

genes, adjacencies and telomeres as that in Fig. 1.

Preliminaries on the Evolutionary Model
We use two parameters: the probability of occurrence of & geplication py, and the probability of occurrence of a
gene lossp;; the probability of occurrence of a rearrangement is thehgu= 1 — pg — pi. The next event is chosen
from the three categories according to these parameters.

For rearrangements, we will select two adjacencies or tetemwith replacement uniformly from the multiset of

all adjacencies and telomeres and then decide which regmmaent event we apply. The four cases are as follows.

Select two different adjacencies, or one adjacency and one telomere, in the same chromosome. For example, select
two different adjacencieﬁalhfl,a}} and{a?,atHl} onone linear chromoson®= (a...8_18...8jaj41...an).
Reversing all genes betwearanda; yields(a;...a-1—aj... —&ajy1...an). TWO adjacencies{alhfl, a}} and

h
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{a}.aj,,}, are replaced by two other&a! , 4]} and{a;,a], ; }. This operation causes an inversion.

Select two adjacencies or one adjacency and one telomere in two different chromosomes. For example, select two
adjacenciesjal’, al, .} from one linear chromoson@= (a; ... &aj1...an) and{b'j‘, thl} from another linear
chromosomé = (by...bjbj+1...bn). Now exchange the two segments between these two chromegbme
andD. There are two possible outcomés; ... abj1...bn) and(bs...bjai11...an) or (a1...a —bj... —by)
and (—bn... —bj 181...21). Two adjacencies{a]',al,;} and {bf,b} .}, are replaced byaf',b} ,} and
{a,,,b}} or {af',bl} and{al,,,b,,}. This operation causes a translocation (or, if at least bnencosome is

circular, a fusion).

Select the same adjacency twice. For example, select the adjacen{};{‘,a}ﬂ} twice from linear chromosome



C=(aj...&ait1...an). Then splitC into two new linear chromosome&; ...a) and(&41...ay). The ad-
jacency{a,a, ;} is replaced by two telomerg@"} and{al, ;}. This operation causes a fission for a linear

chromosome, a linearization for a circular one.

Select two telomeres.! For example, select telomeréa'} and{btj} from two different linear chromosomes. Then
concatenate these two linear chromosomes into a single newnosome. Two telomere&af'} and{btj}, are
replaced by two other telomere{saih andbtj}. This operation causes a fusion on two linear chromosomas or

circularization on one linear chromosome.

For gene duplication, we uniformly select a position totstiaiplicating a short segment of chromosomal material
and place the new copy to a new position within the genome. &b gx as the maximum number of genes in the
duplicated segment and assume that the number of geneg setiraent is a uniform random number between 1 and
Lmaex. FOr example, select one segmapt; ... a;, to duplicate and insert the copy between one adjaceti};jotHl}.
Such an operation duplicatesggenes and. — 1 adjacencies, removes one adjacency, and adds two neveadies,
thus genesj 1, ..., @11 anda .| are added to the multiset of genes, the adjace{rm’-'}yotjﬂ} is removed, and
L+ 1 new adjacencieghl. &, }, {al',;,&,,}, ..., {af b}, }, are added.

For gene loss, we restrict deletion to genes with at leastcvpies in the genome and we delete one gene at a
time. We uniformly select one gene from the set of all can@id@nes and delete it. For example, if we delete gene

in the chromosomeé...a_18a+1...), one copy ofy is removed from the multiset of genes, while two adjacencies

{ah ,,al} and{aM.al ,}, are replaced by one adjacen¢s!’ ;,a,  }.

Methods
An overview of our technique for estimating the true evolutionary distance

The problem of estimating the true evolutionary distanaeiined as follows:
Input: The original genom& and the final genomk.
Output: An estimate of the actual number of evolutionary eventstiiak place in the evolutionary history to trans-
formGinto F.

Based on the multisets of genes and of adjacencies and tederoéG, for any genomes* of N* genes and
I* linear chromosomes, we can build the vedafor= (NGj,...,NGE, SA], ..., SAS, DA, ST*,DT*), whereC is the
upper bound for the number of copies of one gé&t®; (i =1,...,C) is the number of genes witkxactly i copies in
the genome&*, SA] (i =1,...,C) is the number of adjacencies wigkactly i copies inG* that also appear iG, DA*

is the number of adjacencies @i that do not appear i®, ST* is the number of telomeres @& that also appear in

1Selecting one telomere twice is assimilated to selectirify tedomeres of the linear chromosome.



G, andDT* is the number of telomeres &* that do not appear i®. We can write

C

N* = ZNG;:
i=
C

N* = ZSA’{+DA*+ST*+DT*—I*.
i=

Let G¥ be the genome obtained fro@= G° by applyingk randomly selected evolutionary operations—under
our model, thei 4+ 1)st evolutionary operation is selected from all possiblersgayements, gene duplications, and
gene losses on genon® according to the parametepg andp;. We can compute the vectd(GX) = (NG‘{,. o

NGK,SAK .. SAK DAK,STX DTK) to represent the genon@ with respect taG.
(Tt}

In the next section, we show that, gives, we can also produce theestimate Vg(GK) =
@I@@Nk[%s?&ﬁ‘ for the expected vectoE (Vg(GK)), for any integerk > 0. Our ap-
1 C 1

proach for estimating the true evolutionary distance i tioereturn the integek that minimizes the 1-norm distance

betweerVg(GK) andVg(F).

Estimation of the expected vector after some number of random evolutionary events

Given the original genomeS, the complete vector for genom@* is defined asVg(GX) = (NGK,NGE,...,
sAk sak . DAK STK DTK), whereNGE is the number of genes with exactlgopies in the genomeX, SAK (shared
adjacencies) is the number of adjacencies with exacthpies inGX that also appear i6, DA (distinct adjacencies)
is the number of adjacencies @ that do not appear i, STX (shared telomeres) is the number of telomereGin
that also appear i, andDTK (distinct telomeres) is the number of telomereglfthat do not appear i6.

Assume the original genom@ hasN genes, where each gene has at n®st O(1) copies, and linear
chromosomes, with = O(1). We thus ignore itemslGK and SAK for (i > C). The initial vectorVg(G?) is then
(NGY,NGY,...,NG2,sA? sAD ... SA2 DAC, STO DTO), whereNG? is the number of genes with exacilycopies,
SAC is the number of adjacencies with exadtlgopies,DA? = 0, ST? = 2|, andDT® = 0. We now show how to

update this vector under rearrangements, gene duplisaioth gene losses, respectively.

Rearrangements

We select two adjacencies or telomeres uniformly, withaepinent, from the multiset of all adjacencies or telomeres.

Lemma 1 Assumeall genomeshave O(1) linear chromosomes, each gene hasat most C = O(1) copies, and Vg (G¥) =
(NGK,..., NGK,sAX ..., SAK DAK STK DTK) represents the current genome GX based on the original genome G.

For conciseness, write N = 5 | NG} (the total number of genes) and IX = (STK 4 DT)/2 (the number of linear



chromosomes). Then we can write the expected vector for G¥*1 after one rearrangement operation:

E(Vo(G*™)) = (NGKTL,.. . NGEM sak L | sakrt pakil grkil pTkil)

where we have

NGK! = NG i=12....C

SAK = k—%jm(%), i=1,2..C-1
k

st = s T o),

DAL = DAk+72(Eliii?§() +O(Ni),
k

STkl K Nzki“k O(%)
k

DT — DT"+Nzki+|k+O(%)

Gene duplication
We select uniformly at random an integer between 1 g (the maximum number of genes in the duplication
segment), then select uniformly at random a position in thieogne where to start the duplication, then insert the

copy at another position selected uniformly at random.

Lemma 2 Assume all genomes have O(1) linear chromosomes, each gene has at most C = O(1)
copies, no two same genes or adjacencies are within the segment to be duplicated, and Vg(GX) =
(NGK,... NGE,SAX ... SAK DAK STK DTK) represents the current genome GX based on the original genome
G. For conciseness, write NK = 3¢ | NG| (the total number of genes), IX = (STX 4+ DTK)/2 (the number of linear
chromosomes) and L = (Lmax + 1)/2 (the average number of genesin a duplication segment). Then we approximate

the expected vector for G¥™1 after one duplication operation with

E(Vo(G™)) = (NGKHL,... NGE™, sAktL . galil paktl grkel prkidy,



where we have

NGET = NkaLESE,
NG = NGik+iL('\lG‘kN—1kNGik)7 i=2..C-1
NG NGEJFCL(NGE'\Tk)JrLNGE,
sAkHT SAE(LNki)ﬁ(AES:Ek_,_?SEJFO(%)’
st %k+i(L1>s§Afliak> Sﬁ”,t,k+|k“+0<§k> i—2..C 1
_ 1)SAK - k
S — SAE:JFC(L DSAHTK(L 1>SAC_NiCIk+O(W)’
DAKHL DAk+(L 1)';1Ak Se 1$1:TKDAC +O(, )
k
ST = ST"—NkinﬂLO(%)
DT*1 = DTk+—k+0(i).
NK 41k © TV NK

Gene loss

We uniformly select one gene with at least two copies andeléle

Lemma 3 Assume each gene has at most C = O(1) copies and Vg (G¥) = (NGK,NG,... NG, SAk sak ... Sak,
DA, STk DTX) represents the current genome G* based on the original genome G. For conciseness, write NK =
5< NG (the total number of genes) and X = (ST + DT) /2 (the number of linear chromosomes). Then we can

write the expected vector for G¥+1 after one rearrangement operation as

E(Vo(G*™)) = (NGKTL, ... NGE™ saktL | gakit pakil grkil prkidy,

where we have
NGk+l _ NGk+ NGS
. LNk NGK
H k k
NGt — gk ((NGENGLY G, oy
1 - I Nk—NGk ) T ey ey
CNGK
NGE™ = NGE-— c
Nk — NGK

Proof In our model of gene loss, one gene with at least two copiesifeumly selected. The number of all possible

genes to be deleted < — NG‘{. ForNG}‘ (i > 1) genes with exactly copies inG¥, the probability that one of them



is selected and deleted;@— So with probability——>— k & the number of genes with exacilgopies decreases

by i and the number of genes with exacfly- 1) copies increases by —1).

We ignore the adjacencies or telomeres in the original ger@ro be created after one gene loss. Sej‘ (i>2)
adjacencies with exactly copies inGX which also appears i, it is difficult to compute the numbef; (delj) of
such adjacencies that each single deletielp (j = 1,...,N*— NGX) would affect. But we know that each adjacency
with exactlyi (i > 2) copies must relate to two genes with more than 2 copies, smwez]N:kINGE fi(delj) = ZSA}‘.
Considering = 2,...,C andC = O(1), we have
(sak 1)
~ NGk

2CSAC
k+1 k
AT = saK N NGE

i=2 Cc-1

gy

3A1k+1 — SA1 _

ForSA'{ adjacencies with exactly 1 copy @ that also appears i@, it is also difficult to compute the numbés(del i)

of such adjacencies that each single deletiely (j = NX — NGX) would affect. Assum®SA%(= Y- lel fi(delj))

is the count of genes with at least two copies but related asettadjacencies with exactly 1 copy@f that also
appear inG. We consider the effect of rearrangements, gene duplitatiod losses, and we approximate as follows:

2(2SAk — DSAK) 2SAF — 2DSAS +25AF (L —1)DSA

k+1
DSA‘l - DSAlJr Pr Nk+|k pd( Nk+|k NK _ |k )
" 2SAK — DSAK(1+ NG/ (NK— NGY))
| )
— NGk
DSAK — 25AK
quJrl — SAk— 1 2.
L 1 PR NGE

For telomeres, we simply assurS&<t! = STk andDTK1 = DTk,
Finally, we also approximate the number of adjacenBi®&“t! that we could thus ignore under rearrangements,

gene duplications, and gene losses, and distribute it todfrection ofSA}‘ as follows:

RSAY = (pr+3 pd)(N—l)(Nk/N)Z/(Nk+|k)2

SAL = S&HRSA"“SA&/(N"AMDAK), i=1..C-1

Now, givenG?, we estimateE (Vg (G¥)) for k > 0 by iteratingk times the above formulas (using wila andp,);

at every step we identifig (Vg (G* 1)) with the actual vectovs(G<1).

Corollary 1 The estimated vector Vg (G') = (l\ﬁ,...,l\@,%,...,@,ﬁ,fsﬁ,ﬁ) for all integersi (0 <i <Kk)

can be computed in O(kC) time.



Experimental Results

We now present experimental results on the accuracy of dimason of the expected vector after a given number
of random evolutionary events and on the quality of our estimfor the true evolutionary distance (in terms of the
actual number of evolutionary events). Our experimentstatt with one genome with no duplicated genes and some
chosen number of linear and circular chromosomes of vasies. We first apply some number (usually 10) of
duplication eventsl(nax = 10 in all cases) to generate the original gen@neith some initial duplicated genes. Then
this genome is subjected to a prescribed nunkbef evolutionary events chosen accordingg@and p; to obtain

a final genomesX. We varyk from 0 to twice the number of genes. We ran tests on any typéstiafl genomes
designed to resemble actual organismal genomes; we teiftexkict choices of parameters on different genomes;
and in each case we generatedddD runs to obtain a tight estimate of variance.

We compute the vector representations for all intermedjateomes and then use our method to estimate the
evolutionary distance. Due to space limitations, we presults on just three initial genomes:, B0 genes and 25
linear chromosomegf = 0.05, p = 0.15); 10000 genes and 5 linear chromosomgs+£ 0.1, py = 0.2); and 1000
genes and 1 circular chromosongg & 0.2, py = 0.6). The first two examples match large and smaller metazoan

genomes, the last matches a small bacterial genome.

Accuracy of the expected vector after k random evolutionary events

We study the behavior of our estimatdg(GX) by comparing its prediction to the sample mean V(G¥), as

computed from our 1®00 trials. In all of our experiments, we find thés(G) is very close to the sample mean
for Vg (G¥). Fig. 2 shows the values in the vector as a function of theshctumber of evolutionary eventSA and
NA§ represent the number of adjacencies and genes with at leagies in the original genont@, respectively. The

figure shows that our estimation and the sample meavid@8") are always very close.

Accuracy of the estimation of the actual number of evolutionary events

We want to study the accuracy of our estimator for the actuabtver of evolutionary events; in order to do that,

we create simulations with controlled numbers of evoluignevents and set up a threshold for correction in the
estimation procedure. Specifically, we vary the actual nemdf evolutionary events from 0 to twice the number

of genes in the original genome and we set 4 times the numlggrads as an upper limit on the maximum number

of evolutionary eventsC is set to 10. Thus our estimated numlés chosen to minimizéVg(GK) — Vi (F)|1, the

1-norm distance betweafy(GK) andVg(F).

Fig. 3 shows the mean and standard deviation for the actuabau of evolutionary events estimated by our

10
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Figure 2: The vector values as a function of the actual nurabevolutionary events.

approach. Our approach provides accurate estimates, angtsmall variance.

We also study the mean absolute difference between thel actodber of evolutionary events and our estimator,
shown in Fig. 4.

Table 1 shows that the estimates are quite accurate up tdargey numbers of events. Rearrangements, gene
duplications, and gene losses fall under the category oé‘genomic events” (in the terminology of [14]), yet our

estimator works well even for numbers that would insteadcmie common events.

Robustness to unknown model parameters

Up to now we have fixeghg and p;. We now consider the case in which these parameters are wnkrolearly
the more common case in practice. We generat@d® cases with randomly chosen parametgrand p; (at 1%
resolution,pq < 4p;) and with actual numbers of evolutionary events varyingi@ to twice the number of genes,

setting an upper limit of 4 times the number genes for the mari number of evolutionary events.

11
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Figure 3: Mean k) and standard deviation (vertical bar) for our estimatomdanction of the actual number of
evolutionary events.

e~

Given the original genome, our estimated vedfgtG') is in fact a function ofi, pg, andp,. We enumerate

all possible values fopg and p; (at 1% resolutionpy < 4p;). For each different pair of parametgrg and p;, we

compute alVg(G') (i from 0 to 4 times the number of gené3js set to 10). Our estimated numbeis still chosen

to minimize|Vg(GX) —Vg(F)|1, the 1-norm distance betwe®g(GK) andVg(F).

Fig. 5 shows the comparison of our estimates to the actuabeuwf evolutionary events. Our approach still
provides accurate estimates in absence of known valugg;fand p; and thus is quite robust. The mean absolute
difference between the actual number of evolutionary evantl our estimator becomes larger, especially when there
are few common adjacencies left between the original and ieaomes. (The duplications and losses may also

partially cancel each other.)
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Discussion and Conclusions

We propose a new evolutionary model for rearrangementse gleiplications and losses, and a corresponding
method for estimating true evolutionary distance. The rhizjé¢o our knowledge, the first to preserve the structural
dichotomy in genomic organization between most prokasyated most eukaryotes, and one of the few to unite
rearrangements, duplications, and losses. Experimesgalts on a wide variety of genome structures exemplify

the high accuracy and robustness of our estimator. Thi® lgegn in accuracy should translate into much better

phylogenetic reconstructions as well as more accuratergieradignments.
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Appendix
Proof of Lemma 1:

Proof In our evolutionary model, each rearrangement operatiplaces old adjacencies or telomeres with new ones.
Obviously, any rearrangement operation will not changeydree content, sNG!‘“(i =1,2,...,C) will be the same.
We first ignore the adjacencies or telomeres in the origiealbgneG created after a rearrangement event. Re-
member two adjacencies or telomeres are selected withceplent uniformly from the multiset of all adjacencies
and telomeres, and the number of all adjacencies or telanfiergenomes* is (NX +14). ForSA}‘ adjacencies with
exactlyi copies inGX which also appear if5, the probability that one adjacency is selected oné&%%)%k) the
probability that two different adjacencies are select%ﬁ%, the probability that same adjacencies at two differ-
fk?z and the probability that same adjacency at the same sitdeisted twice |sL

. (i—
ent sites are selected js; N IR2
Ignoring the newly created adjacencies or telomeres in tigghal genomes, with probability

2SAK(NK 1K —sAK) risak
(NK-t1k)2 ’

the number of adjacencies with exacilgopies decreases byand, with probablhty%, the number of adja-

k_ 1k k
cencies with exactly copies decreases by. 2Vith probability 25 (N Sp; A , the number of adjacencies with

(NK+1%)
exactly(i — 1) copies increases hy— 1), with probablllty Nksﬁlk)z), the number of adjacencies with exacfiy- 1)

copies decreases bhyi2- 1), and, with probablllty the number of adjacencies with exactly- 2) copies

Nk+|k 2

increases byi — 2). Considering =1,2,...,C andC = O(1), we have

2i(SAK—SAK )
k+1 k +1 —
A = T TNKER i=12,...,C-1
2C(SAY)
ktl _  gak _
= Nk 1k
2(5C ; SAK)
k+1 k i=1
DA™ = DA'+ =S

Now, we show that the correction for our ignoring adjacescietelomeres after a rearrangement eveﬁt(iﬁ};)
for each item. Consider any adjaceneyb) in G: we might recover it if we select two adjacencies or teloraere
containing two genea andb. Since each gene has at m@stopies in the genome, there are at mo$tpairs of
adjacencies or telomeres that may lead to recovery of treeadgy(a,b). So, with probability at mos{#ﬁk)z, one
specific adjacency i might be created by the rearrangement. Summing up alNthd adjacencies i3, we see
that the correction for ignoring the newly created adja@sor telomeres i is O(ik).

2+ 0 ).

Similarly, we can geST**1 = STk — ﬁkSLk +O(5) andDT*H =

Proof of Lemma 2:

Proof In our model, we uniformly select a position to start dupiieg L genes and transpose it to one new uniformly

chosen position within the genome. The expected numbermdger adjacencies with exacilcopies within the
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duplication segment isNGK/N¥ or (L — 1)SAk/(NK — %),
We again first ignore the adjacencies or telomeres in thénaligenomes created after a duplication event. Since

we assume that no two genes or adjacencies are same witldophieation segment, we have

LNGK
k+1 k 1
NGI"™ = NGi- =t
iL(NGK ; — NGK
NG = NG}‘+(+')J:2,...,C—1
CL(NGE ;) +LNG
k+1 k c-1 C
NGE™ = NG+ K :
il _ g (L-LSAT sk s
1 NK — |k Nk+|k )
i(L—1)(SA; —SA)  SAF-SAY,
k+1 k 1 +1 _
SAT = SAC+ N ~ Nk ,i=2,...C—-1
CL—1)SAL ;+(L—1)SAX  sAk
k1l _ k 1 _
SAC - SAC+ Nk7|k Nk+|k'
DAkHL DAk+C(L—1)DAk 5§ 1 SAK+ DAL
- Nk — K Nk 41K

Now, we show that the correction for our ignoring adjacescetelomeres after a duplication evenOéNl;) to
each itemSAl!‘“. Consider any adjacendg,b) in G: we might recover it if we move gergenext to geneb after
the duplication. Since each gene has at n@sbpies in the genome, there are at mdst2possibly duplication
operations to recover that adjacer{eyb). There are altogeth@(L(NX +1¥)?) different duplication operations. So,
with probabilityO((—N&h—z), one specific adjacency @ might be created by the duplication event. Summing up all

theN —| adjacencies ii5, we see that the correction for ignoring the newly creatgdcahcies or telomeres & is

Similarly, we can geSTk+1 = STk — ﬁSkTTk“z +0O(5x) andDTK = DT+ NSkTTklE +0(3%)-
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